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1. Introduction
The classical (2+ 1) Maxwell–Higgs (MH) model, or Abelian Higgs model, describes a charged particle whose dynamics
is governed by the Maxwell Lagrangian density. This model can be regarded as the relativistic extension of the Ginzburg–
Landau theory for superconductivity. One of the good features of this model is that with a suitable choice of coupling
constant, it gives stable multi-vortex solutions which are realized by the self-dual equations given by the Bogomol’nyi type
energy lower bound.
When the kinetic action for the gauge ﬁeld is changed by the Chern–Simons term, the particle is charged both electrically
and magnetically, and can carry a fractional electric charge proportional to the coeﬃcient of the Chern–Simons term. Such
a particle is important in several areas of theoretical physics such as anyonic superconductivity and quantum Hall effect.
See [6] for recent progress for the self-dual Chern–Simons theories. In particular, it has been veriﬁed in [11,12] that a U(1)
Chern–Simons Higgs (CSH) model with no Maxwell term produces stable multi-vortex self-dual solutions for a special choice
of the potential with sixth order.
On the other hand, in [13], the (Abelian) Maxwell–Chern–Simons Higgs (MCSH) model including both the Maxwell term
and the CS term has been considered. The self-duality is obtained in this model by introducing a new scalar ﬁeld which is
justiﬁed by the supersymmetric argument. It was formally derived that if we take suitable limits, the MCSH model tends to
the MH and the CSH models. As a consequence, MCSH uniﬁes MH and CSH models.
When we look at these models via a mathematical point of view, the formal derivation of the uniﬁcation needs to be
justiﬁed rigorously by mathematical arguments. This problem corresponds to showing that the solutions of MCSH converge
to the solutions of MH and CSH. The ﬁrst limit is called the Maxwell limit (or Abelian Higgs limit), while the second one
the Chern–Simons limit. There have been several results about the mathematically rigorous proof for the convergence of
solutions to the self-dual equations. For instance, topological solutions in R2 [4], nontopological solutions in R2 [3,7], and
condensate solutions on the torus [5,14,15]. For the nonself-dual case, both limits were treated in [9]. When there are no
gauge ﬁelds, the Maxwell limit was veriﬁed for every solutions for MCSH and the Chern–Simons limit was proved for the
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In particular, the minimizers of MCSH energy converge to the minimizers of MH energy.
In this paper, we are interested in the Chern–Simon limit for MCSH on bounded domains with vanishing gauge ﬁelds.
The main purpose of this paper is to improve the results of [9], where the minimizers of MCSH energy converge to the
minimizers of CSH energy. We prove that every sequence of solutions of MCSH has a subsequence converging to a solution
of CSH. We also show that MCSH with nontopological type boundary conditions does not allow any nontrivial solutions on
star-shaped domains when the gauge ﬁelds disappear. This improves the result of [8] as described in the next section. We
state our main results in Section 2, and provide their proofs in Section 3.
2. Main results
Let Ω be a smooth simply connected bounded domain in R2. The Maxwell–Chern–Simons–Higgs equations without
gauge ﬁelds are given by
−φ + φN2 + q
2
ε2
φ
(|φ|2 − 1+ κεN)= 0, (2.1)
−N + 2q2|φ|2N + κq
4
ε
(|φ|2 − 1+ κεN)= 0. (2.2)
Here, φ : Ω → C, N : Ω → R, and κ,q, ε are positive real numbers. One can refer to [9] for the derivation of (2.1) and (2.2)
in detail. Eqs. (2.1) and (2.2) are the Euler–Lagrange equations of the functional
E0q,κ,ε(φ,N) =
∫
Ω
|∇φ|2 + 1
2q2
|∇N|2 + |φ|2N2 + q
2
2ε2
∣∣(|φ|2 − 1)+ κεN∣∣2. (2.3)
If we set
κ = 0, q = 1/√2 (2.4)
in (2.3), then E0q,κ,ε reduces to the Ginzburg–Landau (or Maxwell–Higgs) energy functional
G0ε (u) =
∫
Ω
|∇φ|2 + 1
4ε2
(|φ|2 − 1)2. (2.5)
On the other hand, if we take the limit
q → ∞, N = 1
κε
(
1− |φ|2) (2.6)
in (2.3), then E0q,κ,ε corresponds to the Chern–Simons–Higgs energy functional
F0κ,ε =
∫
Ω
|∇φ|2 + 1
κ2ε2
|φ|2(|φ|2 − 1)2. (2.7)
The Euler–Lagrange equations of G0ε and F0κ,ε are
−φ + 1
2ε2
φ
(|φ|2 − 1)= 0, (2.8)
and
−φ + 1
κ2ε2
φ
(|φ|2 − 1)(3|φ|2 − 1)= 0. (2.9)
With the vanishing gauge ﬁelds, Eq. (2.8) is the nonself-dual Maxwell–Higgs (or Ginzburg–Landau) equation, while (2.9)
is the nonself-dual Chern–Simons–Higgs equation. The limits (2.4) and (2.6) insist that MCSH uniﬁes MH and CSH. The
limits (2.4) and (2.6) are called the Maxwell limit and the Chern–Simons limit, respectively.
Analogously to the case R2, one can consider two kinds of boundary conditions for (2.1) and (2.2): either for a given
smooth function g : ∂Ω → S1 with d = deg g > 0
φ = g, N = 0 on ∂Ω, (2.10)
or
φ = 0, N = 1 on ∂Ω. (2.11)
κε
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φ = g on ∂Ω, (2.12)
or
φ = 0 on ∂Ω. (2.13)
For (2.8), we consider only the condition (2.12).
The Maxwell–Chern–Simons–Higgs model has several important constants which give rise to the study of asymptotic
behavior of solutions when a constant tends to inﬁnity or zero. One of them is to study the asymptotic behavior of solu-
tions when the Higgs coupling constant ε goes to 0. Recently, it has been reported in [9,10] that some results analogous
to the Ginzburg–Landau model [1,2] are obtained with both vanishing and nonvanishing gauge ﬁelds. Another important
asymptotic problem is to verify the Maxwell limit (2.4) and the Chern–Simons limit (2.6). For recent results about these
limits, one can refer to [4,5,7,9,14,15]. In particular, for the nonself-dual model with vanishing gauge ﬁelds, this problem
corresponds to showing that the solutions of (2.1) and (2.2) converge to solutions of (2.8) in the limit (2.4) and solutions
of (2.9) in the limit (2.6). It has been proved in [9] that every solution of (2.1) and (2.2) converges, up to subsequence,
to solutions of (2.8) as q → 1/√2 and κ → 0. For the Chern–Simons limit, the minimizers of E0q,κ,ε(φ,N) converge, up to
subsequence, to minimizers of F0κ,ε if q → ∞. Here is the statement of these results.
Theorem 2.1. (See [9].)
(i) (Maxwell limit) For ﬁxed ε > 0, let (φq,κ ,Nq,κ ) be any solutions of (2.1) and (2.2) with (2.10). Then, as q → 1/
√
2 and κ → 0,
there exists a solution φ∗ of (2.8) satisfying (2.12) such that, passing to a limit,
(φq,κ ,Nq,κ ) → (φ∗,0)
in Cs(Ω,C) × Cs(Ω,R) for all s 0. Moreover, E0q,κ,ε(φq,κ ,Nq,κ ) → G0ε (φ∗).
(ii) (Chern–Simons limit) For ﬁxed κ,ε > 0, let (φq,Nq) be the corresponding minimizers for E0q ≡ E0q,κ,ε over the space X 0g =
P0g × H10(Ω), where P0g = {φ ∈ H1(Ω,C): φ = g on ∂Ω}. Then, as q → ∞, there exists φ∗ ∈ P0g such that passing to a limit if
necessary, φq → φ∗ weakly in P0g and φ∗ is a weak solution of (2.9). Moreover, φ∗ is a minimizer of F0κ,ε over X 0g .
In this paper, we improve this theorem by showing that as q → ∞, any sequence of solutions of (2.1) and (2.2) with (2.10)
has a subsequence converging to a solution of (2.9) which is equal to g on the boundary. More precise result is stated in
the following theorem.
Theorem 2.2. Let κ and ε be ﬁxed. Given q > 0, let (φq,Nq) be a solution of (2.1) and (2.2) with the boundary condition (2.10). Then,
there exist a sequence qn → ∞ and a solution φ∗ of (2.9) and (2.12) such that for each nonnegative integer k,
∥∥|φqn |2 − 1+ κεNqn∥∥Ck(Ω) = O (q−2n ), (2.14)∥∥∥∥2|φqn |2Nqn + κq
2
ε
(|φqn |2 − 1+ κεNqn )
∥∥∥∥
Ck(Ω)
= O (q−2n ), (2.15)
and
{
φqn → φ∗ in Ck(Ω,C),
Nqn → N∗ = 1κε
(
1− |φ∗|2
)
in Ck(Ω,R),
(2.16)
as qn → ∞. Moreover, E0qn,κ,ε(φqn ,Nqn ) → F0κ,ε(φ∗).
On the other hand, it has been proved in [8] that (2.9) with (2.13) admits no solutions of the type φ(r, θ) = u(r)eidθ on
the disc BR = {x ∈ R2: |x| R} other than u ≡ 0. We can expect the same result for Eqs. (2.1) and (2.2) with the boundary
condition (2.11), namely, we have no solutions of the type φ(r, θ) = u(r)eidθ and N(r, θ) = N(r) on BR other than the trivial
solution (u,N) = (0,1/κε). More generally, we can show the nonexistence of solutions for those equations on star-shaped
domains by means of a Pohozaev type identity.
Theorem 2.3. If the domain Ω is star-shaped, then Eqs. (2.1) and (2.2) with (2.11) have no nontrivial solution. Similarly, (2.9)
with (2.13) admits no nontrivial solutions on Ω .
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In this section, we prove Theorems 2.2 and 2.3. The main strategy for the proof of Theorem 2.2 is to utilize various
maximum principle structures contained in the system (2.1) and (2.2). In the following lemma, we use such structures to
obtain pointwise estimates of solutions of (2.1) and (2.2).
Lemma 3.1. Let (φ,N) be any solution of (2.1) and (2.2). Then
0 N  1
κε
(
1− |φ|2). (3.1)
As a consequence, ‖φq‖L∞(Ω)  1 and ‖Nq‖L∞(Ω)  1/κε for all q > 0. The proof of this lemma can be found in [9]. For
pointwise estimates of derivatives of solutions, let
uq = q2
(|φq|2 − 1+ κεNq), vq = q2
(
2|φq|2Nq + κ
ε
uq
)
.
Then, uq  0 by (3.1) and we have
−φq + φN2q +
1
ε2
φquq = 0, (3.2)
−Nq + vq = 0. (3.3)
Furthermore, let us use the decomposition of φq such that φq = ψq + η, where ψq and η solve
−ψq + φN2q +
1
ε2
φquq = 0 in Ω,
ψq = 0 on ∂Ω, (3.4)
and
η = 0 in Ω, η = g on ∂Ω,
respectively. We will often use the following elliptic estimate for derivatives.
Lemma 3.2. (See [1].) Suppose that
−u = f in Ω ⊂ Rn,
u = 0 on ∂Ω.
Then
‖∇u‖2L∞(Ω)  C‖ f ‖L∞(Ω)‖u‖L∞(Ω),
where C depends only on n and Ω .
Using the above elliptic estimates, we obtain the following lemma.
Lemma 3.3.We have
‖uq‖L∞(Ω),‖vq‖L∞(Ω),‖∇φq‖2L∞(Ω),‖∇Nq‖2L∞(Ω)  C, (3.5)
as q → ∞. Here C is independent of q.
Proof. By Lemma 3.2, we have
‖∇ψq‖2L∞(Ω)  C‖ψq‖L∞(Ω)‖ψq‖L∞(Ω)  Cq2,
and hence
‖∇φq‖2L∞(Ω)  C
(
q2 + 1). (3.6)
Now we notice that uq satisﬁes the following second-order equation
1
2
uq =
(
2
2
|φq|2 + κ2q2
)
uq + hq, (3.7)q ε
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uq(x0)− hq2
ε2
|φq|2 + κ2q2
(x0)−C
as q → ∞, where we used (3.6) and C > 0 is independent of q. This proves the estimate for uq in (3.5). Returning to (3.4),
we ﬁnd that ‖ψq‖L∞  C and thus
‖∇φq‖L∞  ‖∇ψq‖L∞ + ‖∇η‖L∞  C
by Lemma 3.2. Hence, the estimate for ∇φq in (3.5) is proved.
On the other hand, by direct calculation, we get
1
q2
vq =
(
2|φq|2 + κ2q2
)
vq + fq + gq, (3.8)
where
fq = 4|φq|2N3q +
4
ε2
|φq|2uqNq + 4Nq|∇φq|2,
gq = 8Re(φq∇φq · ∇Nq) + κq
2
ε
(
2
ε2
|φq|2uq + 2|φq|2N2q + 2|∇φq|2
)
.
Since ‖uq‖L∞  C , we obtain
‖∇Nq‖2L∞(Ω)  C‖Nq‖L∞(Ω)‖Nq‖L∞(Ω)  Cq2.
Hence, ‖ fq‖L∞(Ω)  C and ‖gq‖L∞(Ω)  Cq2 for all large q. By the maximum principle, we are led to
‖vq‖L∞(Ω) 
∥∥∥∥ fq + gq2|φq|2 + κ2q2
∥∥∥∥
L∞(Ω)
 C,
which implies the estimate for vq in (3.5). Moreover, this shows by (3.3) that ‖Nq‖L∞  ‖vq‖L∞  C , which implies by
Lemma 3.2 the estimate for ∇Nq in (3.5). 
Lemma 3.4. There exist a sequence qn → ∞ and functions φ∗ , N∗ such that
‖φqn − φ∗‖C1,α(Ω) → 0, ‖Nqn − N∗‖C1,α(Ω) → 0 (3.9)
for all α ∈ (0,1). Moreover, φ∗ satisﬁes (2.9) and (2.12), and N∗ = (1− |φ∗|2)/κε.
Proof. Since ‖ψq‖L∞(Ω)  C and ‖Nq‖L∞(Ω)  C by (3.5), we see that ‖ψq‖W 2,p0 (Ω)  C and ‖Nq‖W 2,p0 (Ω)  C for all
p > 1. Hence, there exist a sequence qn → ∞ and functions ψ∗ ∈ W 2,p0 (Ω;C) and N∗ ∈ W 2,p0 (Ω;R) such that
ψqn → ψ∗, Nqn → N∗ in C1,α(Ω),
for all α ∈ (0,1). If we set φ∗ = ψ∗ + η, then φ∗ = g on ∂Ω and φqn → φ∗ in C1,α(Ω). Since ‖uqn‖L∞(Ω)  C , we have
N∗ = (1− |φ∗|2)/κε.
Multiplying (3.2) by a test function ζ ∈ C∞c (Ω) and letting qn → ∞, we infer from (3.5) that
0 =
∫
Ω
∇φqn · ∇ζ + φqn N2qnζ +
1
ε2
φqnuqnζ
=
∫
Ω
∇φqn · ∇ζ +
(
φqn N
2
qn −
2
κε
φqn |φqn |2Nqn
)
ζ + O (q−2n )
→
∫
Ω
∇φ∗ · ∇ζ +
(
φ∗N2∗ −
2
κε
φ∗|φ∗|2N∗
)
ζ
=
∫
Ω
∇φ∗ · ∇ζ + 1
κ2ε2
φ∗
(|φ∗|2 − 1)(3|φ∗|2 − 1)ζ,
which implies that φ∗ is a weak solution of (2.9). 
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∥∥∂kuq∥∥L∞(Ω),
∥∥∂kvq∥∥L∞(Ω),
∥∥∇∂kφq∥∥2L∞(Ω),
∥∥∇∂kNq∥∥2L∞(Ω)  C . (3.10)
Then, (2.14)–(2.16) come from (3.9) and (3.10). Moreover, the proof of the convergence E0qn,κ,ε(φqn ,Nqn ) → F0κ,ε(φ∗) is a
direct consequence of (2.16).
It remains to prove (3.10). Let us keep the notations in Lemma 3.3. We proceed by induction on k. If k = 0, then the
result follows from (3.5). Now suppose that (3.10) is valid for a nonnegative integer k. It is easy to see from (3.4) and the
induction assumption that ‖∂k+1ψq‖L∞(Ω)  Cq2, and hence by Lemma 3.2
∥∥∇∂k+1φq∥∥2L∞(Ω)  2
∥∥∇∂k+1ψq∥∥2L∞(Ω) + 2
∥∥∇∂k+1η∥∥2L∞(Ω)  Cq2
for all large q. Then, by means of (3.7), we have
1
q2
∂k+1uq =
(
2
ε2
|φq|2 + κ2q2
)
∂k+1uq + Hk+1,q + ∂k+1hq.
Here, Hk+1,q contains derivatives of uq with orders less than k + 1 and derivatives of φq with orders up to k + 1 such that
‖Hk+1,q‖L∞(Ω)  C . It comes from the induction assumption that ‖∂k+1hq‖L∞(Ω)  Cq2. As a consequence, we infer from
the maximum principle that
∥∥∂k+1uq∥∥L∞(Ω) 
∥∥∥∥ Hk+1,q + ∂
k+1hq
2
ε2
|φq|2 + κ2q2
∥∥∥∥
L∞(Ω)
 C . (3.11)
Furthermore, it is seen from (3.4) that ‖∂k+1ψq‖L∞(Ω)  C , and hence ‖∇∂k+1ψq‖L∞(Ω)  C by Lemma 3.2. Therefore,∥∥∇∂k+1φq∥∥L∞(Ω) 
∥∥∇∂k+1ψq∥∥L∞(Ω) +
∥∥∇∂k+1η∥∥L∞(Ω)  C . (3.12)
On the other hand, we ﬁnd ‖∂k+1vq‖L∞(Ω)  Cq2 by (3.11) and the induction assumption. Hence, by Lemma 3.2 and (3.3),
∥∥∇∂k+1Nq∥∥2L∞(Ω)  C
∥∥∂k+1vq∥∥L∞(Ω)
∥∥∂k+1Nq∥∥L∞(Ω)  Cq2.
It follows from (3.8) that
1
q2
∂k+1vq =
(
2|φq|2 + κ2q2
)
∂k+1vq + Fq + ∂k+1 fq + ∂k+1gq,
where ‖Fq‖L∞(Ω)  C , ‖∂k+1 fq‖L∞(Ω)  C , and ‖∂k+1gq‖L∞(Ω)  Cq2. Then, the maximum principle yields that for all
large q,
∥∥∂k+1vq∥∥L∞(Ω) 
∥∥∥∥ Fq + ∂
k+1 fq + ∂k+1gq
2|φq|2 + κ2q2
∥∥∥∥
L∞(Ω)
 C . (3.13)
Moreover, by Lemma 3.2 and (3.3),
∥∥∇∂k+1Nq∥∥2L∞(Ω)  C
∥∥∂k+1vq∥∥L∞(Ω)
∥∥∂k+1Nq∥∥L∞(Ω)  C . (3.14)
Therefore, (3.11)–(3.14) imply the estimate (3.10) for k + 1, which completes the proof. 
Proof of Theorem 2.3. Without loss of generality, we suppose that Ω is star-shaped with respect to the origin. Since Ω is
star-shaped, we may assume that if ν is the outward unit normal vector ﬁeld to ∂Ω , then x ·ν > α on ∂Ω for some positive
constant α. Let (φ,N) be any solution of (2.1), (2.2) and (2.11).
Let us multiply (2.1) by 2x · ∇φ and take the real part of the integration of it. Then we have
2Re
∫
Ω
(−φ)(x · ∇φ) + (φN2)(x · ∇φ) + q2
ε2
φ
(|φ|2 − 1+ κεN)(x · ∇φ) := I + II + III.
Similarly, if we multiply (2.2) by x · ∇N/q2 and integrate it, then we have
1
q2
∫
Ω
(−N)(x · ∇N) + 2q2|φ|2N(x · ∇N) + κq
4
ε
(|φ|2 − 1+ κεN)(x · ∇N) := IV + V + VI.
We ﬁrst consider I + IV . Integration by parts yields
I = −2Re
∫
(x · ∇φ)(∇φ · ν) +
∫
|∇φ|2(x · ν).
∂Ω ∂Ω
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−Re
∫
∂Ω
(x · ∇φ)(∇φ · ν) = −Re
∫
∂Ω
∣∣∣∣∂φ∂ν
∣∣∣∣
2
(x · ν) − Re
∫
∂Ω
∂φ
∂τ
∂φ
∂ν
(x · τ ) = −
∫
∂Ω
∣∣∣∣∂φ∂ν
∣∣∣∣
2
(x · ν),
where τ is the unit tangent vector to ∂Ω . Thus
I = −2
∫
∂Ω
∣∣∣∣∂φ∂ν
∣∣∣∣
2
(x · ν) +
∫
∂Ω
∣∣∣∣∂φ∂ν
∣∣∣∣
2
(x · ν) = −
∫
∂Ω
∣∣∣∣∂φ∂ν
∣∣∣∣
2
(x · ν).
Similarly, since ∂N/∂τ = 0 on ∂Ω , we are led to
IV = − 1
q2
∫
∂Ω
(x · ∇N) ∂N
∂ν
+ 1
2q2
∫
∂Ω
(x · ν)|∇N|2
= − 1
2q2
∫
∂Ω
(x · ν)
∣∣∣∣∂N∂ν
∣∣∣∣
2
+ 1
2q2
∫
∂Ω
(x · ν)
∣∣∣∣∂N∂τ
∣∣∣∣
2
− 1
q2
∫
∂Ω
(x · τ ) ∂N
∂ν
∂N
∂τ
= − 1
2q2
∫
∂Ω
(x · ν)
∣∣∣∣∂N∂ν
∣∣∣∣
2
.
Hence,
I + IV = −
∫
∂Ω
∣∣∣∣∂φ∂ν
∣∣∣∣
2
(x · ν) − 1
2q2
∫
∂Ω
(x · ν)
∣∣∣∣∂N∂ν
∣∣∣∣
2
.
Next, we consider II + V and III + VI:
II + V =
∫
Ω
N2
(
x · ∇|φ|2)+ |φ|2(x · ∇N2)=
∫
Ω
x · ∇(|φ|2N2)= −2
∫
Ω
|φ|2N2,
and
III + VI =
∫
Ω
q2
ε2
(|φ|2 − 1+ κεN)x · ∇(|φ|2 − 1+ κεN)= −
∫
Ω
q2
ε2
(|φ|2 − 1+ κεN)2.
Since I + · · · + VI = 0 by (2.1) and (2.2), we get
0 = 2
∫
Ω
|φ|2N2 +
∫
Ω
q2
ε2
(|φ|2 − 1+ κεN)2 + 1
2q2
∫
∂Ω
(x · ν)
∣∣∣∣∂N∂ν
∣∣∣∣
2
+
∫
∂Ω
∣∣∣∣∂φ∂ν
∣∣∣∣
2
(x · ν) α
∫
∂Ω
(
1
2q2
∣∣∣∣∂N∂ν
∣∣∣∣
2
+
∣∣∣∣∂φ∂ν
∣∣∣∣
2)
 0.
As a consequence,
|φ|2N2 = |φ|2 − 1+ κεN = 0
on Ω . Thus
0 = |φ|2N2 = 1
κ2ε2
|φ|2(|φ|2 − 1)2.
Since φ is a smooth function, either |φ| = 0 or |φ| = 1 throughout Ω . Taking account of the boundary condition φ = 0 on
∂Ω , we conclude that φ ≡ 0, and hence N ≡ 1/κε. Thus we have only the trivial solution for (2.1), (2.2) and (2.11). The
second statement of Theorem 2.3 can be proved in a similar way. 
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